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We give a new fo rmula ,  which m a y  be useful in solving some  p rob l ems  concerning the non-  
s t e a d y - s t a t e  wave  mot ion  of a heavy  liquid. 

In the domain  of nons t eady- s t a t e  mot ions  of a liquid in a gravi ta t ional  f ield of force  the s imp le s t  p r o b -  
l em is the C a u c h y - P o i s s o n  p rob lem of de te rmin ing  the mot ion of an infinitely deep liquid, the motion a r i s -  
ing f rom initial ve loc i t ies  impa r t ed  to pa r t i c l e s  of the liquid and f rom an initial change in the equi l ibr ium 
hor izonta l  su r face  of the liquid; the en t i re  p rob lem is solved a s suming  the absence  of vor t ic i ty .  

For the special case in which the initial data is symmetric with respect to a vertical line, say, the 
axis OZ, the solution of the Cauchy-Poisson problem may be written as in [i] in terms of the cylindrical 

coordina tes  r and z: 
~o ao 

0 0 0 0 

H e r e  qT(r, z,  t) is the ve loc i ty  potential  for ve loci t ies  a r i s i ng  f rom an initial p r e s s u r e  impulse  F(r) ,  applied 
a t  the iuit ial  ins tant  to the s u r f ace  of the liqus f(r) is  the initial  e levat ion of the su r f ace  of the liquid; ~2 

= g k .  

We c a r r y  out the ana lys i s  of  Eq. (1) for  two pa r t i cu l a r  c a se s .  We a s s u m e  a t  f i r s t  that  the waves  a r e  
fo rmed  under the influence of only the initial e levat ion of the su r face  of the liquid, F(r)  = 0. Subsequent to 
this ,  we cons ider  wave mot ions  fo rmed  only f rom the initial p r e s s u r e  impulse ,  in this case  f(r) = 0. 

Cons ider ing  the f i r s t  ca se ,  we a s s u m e  that the init ial  e levat ion of the su r face  of the liquid is  concen-  
t r a t ed  about  the or ig in  of coord ina tes ,  occupying a c i r c l e  of ve ry  smal l  radius  e ,  whereby  the ve r t i ca l  co -  
ordinates  of the s u r f ace  of the liquid inside this c i r c l e  a r e  so l a rge  that  the in tegra l  

8 

2~ j" ~Jo (k~) f (~) dcz 
0 

has  a finite va lue ,  d i f ferent  f rom zero  and equal to the volume V of the initial elevation.  

M o r e o v e r ,  by a s sumpt ion ,  we can wr i te  the veloci ty  potential  as  

(p (r, z, t) --- ~ C ~e kzsin (~tJ~ (kr) dk. (2) 
2~  J 

o 

The following fo rmula  s e r v e s  to de t e rmine  the fo rm of the su r f ace  of the liquid: 

= 

in this fo rmula  ~ is the ve r t i ca l  coordinate  of a va r i ab l e  point of the sur face .  

To de t e rmine  ~ on the bas i s  of Eq. (2) involves ce r ta in  complicat ions  s ince this r equ i r e s  let t ing z 

- -  - 0  in the fo rmula  
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0 

and this encompasses  a number  of diff icult ies.  

Thus our  p rob lem amounts  to ass igning a new express ion  to the potential  q~(r, z,  t) so  as  to avoid the 
diff icult ies  a s soc ia t ed  with this l imi t ing  p r o c e s s .  

We take the veloci ty  potential  (2) and r ewr i t e  it ,  r ep lac ing  the Besse l  function by a ha l f - sum of Hankel 
functions: 

-~-[H(o 1) (kr) + H(o 2) (kr)]. do (kO 

We obtain ; o 
V ~e~sin o~H~ l) (kr)dk + ~ f~ek~sinatItg 2) (kr)dk. (3) r (r, t ' =  - -  4g J Z,  

0 0 

Knowing the asympto t ic  fo rmulas  

- -  i k r - -  l - -g  - -  - - "  

l: 2__2_._e ( 4 ), V ~  e '("'-~') H(0 ') (kr) = Y ~kr H0 (2) (/~r)= , 

we can r ep lace  the in tegrat ion in the f i r s t  integral  by an in tegra t ion along the posi t ive  p a r t  of the imag ina ry  
ax i s ,  and in the second integral  by an in tegra t ion along the negat ive p a r t  of the imag ina ry  axis .  In the f i r s t  
in tegra l  we put 

= ~• a = V ~  e j ' ~ ,  

and in the second integral  
l 

k = - -  iu, a : V g• e 4 

After making these transformations we can bring Eq. (3) to the form 

q) (r, z, t) = e 4 V - ~  e ~z~ sin (]/-g-xe 4 t) H(o '' (i• d• + 4n V ~  e -'~* sin (V--g~e * t) H(o 2) (-- i• d• 

0 0 

We make  a fur ther  t r ans fo rma t ion  through the use  of the fo rmulas  [2] 

H(o,) q~r)= 2-:Ko(• H~o ~) ( - i ~ r )  = - n ( o  ') q~r) = 2. Ko(~,): 
~[, g t  

h e r e  K0(xr )  is the MacDonald function. 

Applying these  fo rmu la s ,  we obtain 

e V'g-x e -'~z sin (t V ~ e  * ~ ) Ko (ur) du. (r, z, t) = V e '  V'g-u e "~sin (t V ff~ e '  ) Ko (• du + 2n--- V 
2u ~ 

0 0 

Making some  smal l  t r ans fo rma t ions ,  we obtain 

0 

F r o m  this we have: 

, ,,,,r...,,__ '`o,..,'.., 
g at ~ 

0 

In this fo rmula  we c a n  put  z = 0 s ince the p r e s e n c e  of the function K0(xr )  in su res  uni form convergence  of 
the in tegra l .  Thus the equation of the su r face  of the liquid a t  an  a r b i t r a r y  ins tant  of t ime  may  be w r i t t e n  

in the fo rm 
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V i (t  V r ~  - )  sh ( t / ~ )  Ko(•215 ~ = - ~  • 
0 

A somewhat  more  involved formula may be obtained for the elevation ~ ' of the sur face  of the liquid, 
motion by a concentrated initial impulse of magnitude S applied at  the coordinate origin: 

~, n~Plf~S ~ •  1/~ [cos (t [ / / - ~ ) s h ( t / ~ - ~ - n  ) §  sin (t k / g n - - )  ch ( t /g--~--) ]Ko(•215 
0 

We now apply Eq. (4) to de termine  the equation of the surface  of the liquid for large  values of the 
pa rame te r  T = gt 2 / 2 r .  To do this we introduce into Eq. (4) a new variable  of integration ~ = ~ - ~  r : 

2v I = n~r ~ ~ ~a sin xg sh ~g K0 (x~ ~) d~. 
0 

For large  values of the pa rame te r  T we can replace the function K0(r~ ~) by its asymptot ic  expression* 

1 V  ~ e--~'J" Ko (~)  = -y- 

We obtain 

2Vx~V--~-f~2sin~:~shx~e-~'d~" 
0 

We t ransform this integral to a new form,  introducing the notation 

/~ (~) = j' ~e ~t~176 dL 
0 

(4) 

(5) 

se t  in 

(6) 

E~ (~) = J ~ e -~("-~)~+~] d~. 
0 

From this we see  that the previous  formula may be wri t ten in the form 

VC / ~ -  im [Et (~) _ E2 (~)]" (7) 

Compl'eting the square  in the exponents of the integrand functions of Eqs. (6), we obtain 

e ~ ~ _~ (~_ ~+q27j EI(~ ) =  "j  ~ e  ~ d~, 
0 

-i-~ d~. 
0 

Consider  now the function Et(T ). In place of ~ we introduce a new variable  of integration ~, putting 

g--  ~ - ( 1  + i) + n .  

The path of integration (L 1) with r e sp ec t  to the var iable  7? is a horizontal line drawn from the point - ( 1  + i) 
/ 2  to plus infinity. In the new var iable  we have 

e 2 Et(~) =--2- f e-*n'dn-- -~ ) e-~n'-drl-- 2~ e (8) 
t ]  

(L,) (L1) 
i 

* The poss ibi l i ty  of such a rep lacement  requi res  explanation since the function K0(~-~ 2) is defined over 
vaiues of the argument  varying from 0 to ~ ; consequently,  for smalI ~ the use of this asymptot ic  formula 
is not valid. However ,  to a r r ive  at  the s imple  formuIas  (6) it is necessa ry  to proceed  as follows: we break 
up the path of integration (0, ~) into two par ts  (0, e) and (a,  ~) ,  where  a is an a rb i t r a ry  posi t ive number.  
At points of the second pa r t  we can, for la rge  values of T, apply the asymptotic  formula for the function 
K0(7"~2); as  for  the points of the f i r s t  par t ,  we can take the number e in the form of a function of the p a r a m -  
eter  ~-, which tends to zero together with T -1, so that the integral over  the f i r s t  par t  of the path becomes  
infinitely small  by compar ison  with the integral of the second par t  as T increases  without bound. 
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We t rans fo rm the path (L i) into a new path consist ing of two lines joining the points: 

Car ry ing  out the indicated operat ions in Eq. (8), we have: 
- r  

f . - 1  f =~. V -~-1 - + n ,  2 
_ _  - - i s  z 

e-'n'dn = ---g- e e ds, 
t 

( L , )  0 

2 - -  3 . ~ i  4 0 [ 1 1 /  = e 4 e / e-,~,ds. 
' Ox . e-!n'&l -- 4 ,  X 2 t / f i x  e 4 2~ l / ' x  

( L , )  0 

, 

e-r~' d~l = - ~ -  u 

('~,1 

We note now that  in going f rom the complete  Eq. (4) to Eq. (7) we have,  in replacing the function K0(1-} 2) by 
its asymptot ic  express ion,  taken into account  only t e rms  of o rder  of smal lness  equal to 1 / 2  with r e spec t  
to T. Consequently,  in the two previousYormulas  we can throw away those t e rms  of o rde r  of smal lness  
exceeding 1 /2 .  Doing this,  we find 

e V V"~ 2 

0 y e-*n'd~l = O. 
OT 

( L , )  

It follows f rom this that we can wr i te  Eq. (8) as 
! 

I - -~ i  / 
ie2 V E 1 (x) = - ~ -  x " 

Let  us turn,  finally, to the function E2(~- ). Subjecting this function to the same t ransformat ions  as were  
applied to E l ( r  ), we obtain 

T~ ~ i e -*n~ dq - -  

(L~) (L,) 

Let  (Lz) be the horizontal  line drawn f rom the point ( 1 - 0 / 2  to plus infinity. 
t e rms  of the r ight-hand side. We have 

Le t  us evaluate the individual 

o 1 i /  = .l -~-" ,7 e'S:ds' 
C[~) o 

l . _ ! z i  V q--" 2 - -  I ~ E  4 

O~ 4:~ ~ / /  e~" ~ , "~ 2 ] / 2 - ~  e q- ~ l / ~ -  
( L 2 )  0 

Taking into account  in these formulas  only the t e rm s  of o rde r  1 / 2  with r e spec t  to T -1, we obtain: 

i ~ 0 ye-T~"d~l=O.  e-~n~d~ I = O, 0--~ 

(Lz) (L~) 

I t  follows f rom this that E2(~ ) = 0. We r e tu rn  now to Eq. (7) and apply there in  the asymptot ic  express ions  
obtained for the functions EI(T ) and E2(T ). We obtain the following equation of the sur face  of the liquid for 
l a rge  values of the quantity r :  

vgt2 co~ ~2. 
; 4z V2-r 3 4r 

In exactly the same way we can find, s tar t ing  with Eq. (5), an equation for  the sur face  of the liquid af te r  it 
has been subjected to a concentra ted p r e s s u r e  impulse: 

~ , = _  SgP sin gt~ 
8r~ 2 or ~ 4r 

(9) 
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